Abstract: An analytic solution to the problem of the scattering of a plane electromagnetic wave by an arbitrary configuration of dielectric spheres is presented using an iterative procedure to account for the multiple scattered fields between the spheres. To compute the higher order terms of the scattered fields, the translation addition theorem for the vector spherical wave functions is used to express the field scattered by one sphere in terms of the spherical co-ordinates of the other spheres to impose the boundary conditions. Coefficients of the various order scattered fields are obtained in matrix form. Numerical results for the normalised backscattering and bistatic cross-section patterns are presented for one-and two-dimensional arrays, and these show that scattered fields up to the fourth order are needed in the special case of contacting conducting linear arrays of spheres to achieve results in excellent agreement with the available data published in the literature.
Introduction
The multiple scattering of a plane electromagnetic wave by a system of N spheres is important in a variety of practical applications. For example, the solution can be used to study the propagation of electromagnetic waves through rain and hail, and complex scatterers can be modelled by a collection of spheres. Moreover, aperture antennas can be loaded by spheres to produce directive patterns with low sidelobes [1] . Exact analytic solutions of the problem of scattering by a system of N conducting or dielectric spheres have been obtained by employing the translational addition theorem for the vector spherical wave functions [2, 3] . The required computer time and memory to invert the resulting system matrix increases rapidly with the number of spheres. In addition, numerical results for certain sphere dimensions and separations are difficult to obtain by this analytical method owing to the associated ill-conditioned system matrices.
In the present paper a novel iterative procedure is pro-posed for the solution of the scattering by an arbitrary configuration of dielectric spheres. · This approach requires the solution of the field scattered by each sphere, assumed to be alone in the incident field, that acts as an incident field on the other spheres. Therefore the firstorder scattered field results from the excitation of each sphere by the incident field only, while ~he second-order scattered field results form the excitation of each sphere by the sum of all first-order scattered fields. Hence, this iterative process continues until the solution converges.
One of the advantages of this approach is that the proposed solution does not require matrix inversion and therefore the desired scattered field coefficients are obtained after each iteration and used in the subsequent iteration.
The solution of the electromagnetic scattering by a system of N spheres has received little attention in the literature owing to the complexity of computing the coefficients of the translation addition theorem. Twersky [ 4] presented an iterative procedure to solve for the scalar case of scattering by N circular cylinders without providing numerical results, whereas Elsherbeni, Hamid and Ragheb obtained numerical results based on iterative techniques, including a novel cylindrical wave spectrum method [5, 6] . Liang and Lo [7] obtained an analytic solution to the scattering by two identical conducting spheres by satisfying the boundary condition simultaneously at the surface of each sphere. The resulting system of equations was solved by successive iterations after neglecting the higher order scattered fields. Later, Bruning and Lo [8] pursued the analysis to the scattering by two dielectric spheres and obtained more · numerical results for a system of two spheres. Pure numerical solutions based on the moment method have also been reported [9, 10] . More recently, the authors obtained analytic and approximate solutions to the scattering by a system of N conducting or dielectric spheres [2, 3] . Numerical results are plotted for the normalised backscattering and bistatic cross section patterns for one-and two-dimensional arrays with various electrical separations, radii, angles of incidence, and also compared with published results [2, 3] to demonstrate the efficiency of the method.
Iterative solution
Let a uniform electromagnetic plane wave of arbitrary incidence and with unit electric field intensity be incident on a system of N dielectric spheres. The pth sphere has radius aP (p = 1, 2, ... , N) and permittivity eP. The center of the pth sphere is located at z = dP with local Cartesian co-ordinates (xp, yP, zp), as shown in Fig. 1 . The separation distance between the centers of the pth and qth spheres is denoted by dpq. The incident wave is assumed to be polarised in the y direction and the incident electric and magnetic fields have the form
where '1 is the surrounding medium intrinsic impedance.
Using the relationship r = rp +JP, the incident plane wave can be expanded in the spherical co-ordinate system of the pth sphere as
where jn is the spherical Bessel function, P:;' is the associated Legendre function of the first kind and ' i =sin ep cos cllp sin a+ cos ep cos a
The incident electric and magnetic fields can be expressed in terms of the spherical wave functions of the first kind with the e-Jwt time dependence suppressed throughout [3, 9] , i.e. 
with
By using the orthogonality properties of the vector wave functions [11] in eqns. 4 and 5, we obtain the incident field expansion coefficients as
The scattered electric and magnetic fields from the pth sphere are expanded in terms of spherical wave functions of the third kind in the form
where A~E and A~M are the_ unknowl!_ scattered field coefficients to be determined. M~i and N~ are the spherical vector wave functions of the third kind that are associated with the spherical Hankel function. The transmitted electric and magnetic fields inside the pth sphere can be written as oo m=n
where l'/p is the medium intrinsic impedance of the pth sphere while A~E and A~M are the unknown transmitted field expansion coefficients. The first-order field scattered results form the excitation of the pth sphere by the incident plane wave alone. The boundary condition at the surface of the pth sphere requires continuity of the total tangential electric and magnetic fields at r P = aP, i.e.
Substituting eqns. 4, 10 and 12 into 14 yields the following equation in terms of the first-order scattered field coefficients:
and eqn. 15 can be imposed similarly. To obtain the unknown scattered field expansion coefficients, we use the orthogonality properties of the spherical wave functions. This yields
where vn(p p) and un(p p) are known electric and magnetic field coefficients which are given by The second-order scattered field results from the excitation of the pth sphere by the field scattered from the remaining N -1 spheres owing to the initial plane wave incident field. The boundary condition requires continuity of the total electric and magnetic fields at r P = aP , i.e.
To enforce the above boundary conditions, we express the outgoing vector wave functions in the co-ordinates associated with each sphere q into incoming vector wave functions in terms of the co-ordinates associated with the pth sphere. Hence we apply the translation addition theorem for the vector spherical wave functions [12, 13] 
where A:~ and B:: are the translation coefficients given elsewhere [3] , and
Substitution of the appropriate forms of the translation addition theorem in eqns. 24-27 into eqns. 22 and 23, leads to the following equations in terms of the secondorder scattered field coefficients:
(dp 4 , () pq, </Jpq)
As we are mainly interested in the field outside the spheres, we present here expressions for the scattering coefficients in the above equations. Application of the orthogonality properties of the spherical vector wave functions yields
where A~E,, A~M, are known first-order scattered-field coefficients given by eqn. 21, and A~E 2 , A~M 2 are the second-order scattered-field coefficients. The infinite series in eqns. 30 and 31 must be truncated to a finite number of terms n = v = M and m = µ = M + 1 to obtain numerical results [3] . For the special case of a linear array of N dielectric spheres spaced along the z axis, eqns. 30 and 31 reduce to a simpler form where [Apq] and [BPq] are square submatrices whose elements are A!:,~ and B!:,~ which depend on the electrical separation between the spheres. Eqn. 34 may be rewritten in the convenient matrix form
To obtain a general solution, we solve for higher order scattered fields which are sensitive to the electrical separation between the spheres and the angle of incidence. This means that if the spheres are located very close to one another or are touching, then the higher order fields are significant and should therefore be included in the solution. However, these decay rapidly as the separation becomes large. The significance of the higher order scattered fields will be verified numerically by comparison with the results obtained in References 2 and 3.
The general expression for the ith-order scattered field coefficients can be written as (37)
It should be noted that the translation addition theorem coefficients in eqn. 37 are computed once for the separations considered, and used for the subsequent iterations.
Once the scattering coefficients are determined, the field scattered from the pth sphere owing to the ith-order scattered fields can be written as
n=lm=-ni=l,2, ...
Summing the fields scattered from all spheres, eqn. 38 becomes N oo m:::
Normalised scattering cross sections
From Reference 3 the total scattered field in the far zone can be written as
where To obtain the normalised bistatic cross-sections in the E and H planes, one substitutes 4> = n/2 and </> = 0, respectively, in eqn. 44.
Numerical results
The normalised bistatic cross-section patterns in the E and H planes are plotted for various systems of spheres of equal radii against the scattering angle 8, corresponding to endfire incidence (ix= 0). Owing to the symmetry with respect to 8 it is sufficient to use the interval from 0 to 180° for plotting the bistatic cross-section patterns. Fig. 2 shows the normalised bistatic cross-section patterns for an equispaced linear array of eight spheres. The electrical radius and separation between the successive spheres are ka = 0.5 and kd = 1.0 (touching), respectively. In addition, Fig. 2 compares the numerical results obtained by applying the boundary conditions simultaneously [2] and the number of iterations obtained by the proposed analysis. It can be seen that the agreement between the two methods is not satisfactory for the firstorder field scattered (i = 1). This is because the first-order field scattered does not take into account the interaction fields between the spheres and hence i = 1 represents the sum of the field scattered by each sphere owing to the incident plane wave only. The significance of the multiple scattered field can be seen in the second-order term which includes the scattered fields owing to the plane wave incidence plus the scattered fields owing to the firstorder fields incident on each sphere. However, the process of iteration is terminated after obtaining the fourth order of scattering, where the numerical results converge to the same level of accuracy as in Reference 2. The results indicate that the first and second orders are only needed to obtain convergent solutions in the backward scattering cross-section, whereas four orders are needed in the forward scattering cross-section. This is similar to what has been encountered in the twodimensional case of scattering by multiple cylinders as reported by Elsherbeni and Hamid [5, Fig, 6 ]. To set a criterion for terminating the iteration process, the scattered field after each iteration is calculated and divided by the total field scattered from all previous iterations, and the process is terminated when the ratio is smaller than 10-4 • A possibly better criterion which was previously implemented for the scattering by multiple conducting cylinders is outlined in Reference 5 and requires that after each iteration the continuity of the tangential component of the electric field on the surface of each sphere be observed until it numerically vanishes. Fig. 3 presents the bistatic cross-section patterns for the same geometry and angle of incidence but the electrical separation is increased to kd = 2.0. It is interesting to note that the first-order gives good results in the backward scattering cross-section direction, namely 8 ~ 50°. However, the process of iteration is terminated after obtaining the first and second orders. We see from Fig. 3 that the higher order scattered fields become weaker as kd increases and can be neglected in this case for i ~ 2, as the higher orders have no numerical effect on the total field scattered. It is also interesting to note that by increasing kd from 1 to 2, the magnitude of the forward scattering cross-section is increased while the bistatic cross-section patterns vanish at certain scattering angles. Fig. 4 gives the normalised bistatic cross-section patterns for three dielectric spheres with the dielectric constant e, equal to 3.0, ka = 0.5 and kd = 1.0. It is interesting to see that only the first and second orders are needed to achieve the same accuracy as in Reference 3. This is partly due to the weak coupling between the dielectric spheres. Fig . 5a shows the bistatic cross-section patterns of a two-dimensional array of four spheres located at the vertices of a square which has a side length kd equal to 1.5 and ka = 0.5. Fig. 5b presents the same geometry for dielectric spheres with e, = 3.0.
In Table 1 the normalised forward and backscattering cross-sectfons of a linear array of three spheres are computed for ka = 0.5, kd = 1.0, and kd = 2.0. In comparing the numerical results in Table 1 , we fino that the forward scattering requires a larger number of terms n to converge than in the case of backscattering cross-section. 
i=2
b e, = 3.0 [3] i =I 000 i=2 Numerical results are also plotted for the normalised backscattering cross-section patterns for different systems of spheres of equal and unequal radii against the electrical separation between the spheres kd, and the incidence angle a. For endfire incidence the system of equations is solved for m = 1 owing to the symmetry with respect to the z axis, whereas in the case of an arbitrary angle of incidence it is sufficient to consider the azimuthal modes m = 0, 1, 2. show a discrepancy between the two methods for the first and second orders, namely for a~ 50°, and is significant in the broadside incidence until i is increased to 4. In addition, the magnitude of the backscattering crosssection pattern increases with a, as the fields scattered from the spheres are more in phase and four orders are required to obtain a convergent solution. This is in contrast with the endfire incidence where the results show that the first and second orders are sufficient to obtain a convergent solution. A possible interpretation of this is that the fields scattered from the remaining spheres are shielded by the front sphere in the illuminated region. On the other hand, Fig. 6 shows that the magnitude of the backscattering cross-section pattern vanishes at a= 54°. In Fig. 1 we have plotted the normalised backscatter- It can be seen that the small ripples disappear by changing the electrical radii, and the high peaks remain at the same locations. In addition, the magnitude of the backscattering cross-section at kd = n drops from about 15.0 (Fig. 7) because the larger sphere shields the contribution of the fields scattered from the remaining small spheres. [2] i= I 000 i =2
Conclusions
We have investigated the field multiply scattered owing to a plane electromagnetic wave incident on an arbitrary configuration of perfectly conducting or dielectric
spheres. An iterative procedure was presented and the boundary conditions were imposed by using the translation addition theorem for the vector spherical wave functions to transform the outgoing vector wave functions into incoming ones. The validity of this technique was verified numerically by comparing the numerical results with those already obtained by satisfying the boundary conditions simultaneously [2, 3] . The results demonstrated that the proposed solution converged monotonically as the number of iterations increased, i.e. the scattered field approached the correct pattern and did not deviate from it owing to numerical errors as the number of iterations was increased further. However, for the particular cases considered the results demonstrated that the first-and second-order scattered fields were needed to obtain the backscattering cross-section patterns with endfire incidence, whereas four orders of scattered fields were needed for an arbitrary angle of incidence and contacting linear array of spheres.
One of the main advantages of employing the proposed technique is that of handling each iteration separately and then summing over all previous iterations to obtain the total scattered field. Another potential advantage is that of saving computer time and memory by avoiding the inversion of the system matrix.
For larger values of ka the Mie series converges more slowly and one might then have to resort to a more rapidly convergent method such as the Watson transform to derive the ray optical solution [14] .
As mentioned previously, the solution can be employed to simulate the scattering by complex bodies [15] , and also to enhance the gain and to reduce the sidelobes of antennas by loading their apertures with linear arrays of dielectric spheres.
Finally, the technique is applicable to the scattering by other three-dimensional bodies. The extension to the scattering by an arbitrary configuration of dielectriccoated conducting spheres is straightforward-and will be presented elsewhere. 
